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We have obtained two new transformation formulae with the help of Bailey's
transform, one of which contains series involving two independent bases. It has
also been shown that some very interesting new multiple series identities of the
Rogers]Ramanujan type can be established. Q 1996 Academic Press, Inc.
1. INTRODUCTION
w xIn 1947, Bailey 3 gave the following remarkably simple transformation:
If
n
b s a u ¨ ,n r nyr nqr
rs0
and
`
g s d u ¨ ,n r ryn rqn
rsn
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then, subject to convergence conditions,
` `
a g s b d . 1 . n n n n
ns0 ns0
With the help of this transformation, he developed a technique of obtain-
ing diverse variety of transformations of basic hypergeometric series and
w xidentities of the Rogers]Ramanujan type. In a subsequent paper 4 , he
elucidated his technique by considering five special choices of the se-
 :  :quences a for which the value of b could be found in a closed form.n n
This technique was later exploited by various mathematicians, i.e., Slater
w x w x w x w x11, 12 , Andrews 1, 2 , Bressoud 6 , and Verma and Jain 13, 14 to obtain
identities of the Rogers]Ramanujan type with different moduli.
w xRecently, we 9, 10 have obtained certain very general bibasic hypergeo-
metric transformation formulae with two independent bases and also have
discussed a number of special cases involving multiple series
Rogers]Ramanujan type of identities. In this paper, we shall derive two
new transformation formulae, one of which is bibasic, with the help of
 .Bailey's transform 1 . A number of interesting special and limiting cases
of these transformation formulae have also been obtained.
2. NOTATION
< <We use the following notation throughout this paper. For q - 1, let
1, n s 0
a s a; q s .  . ny1n n  1 y a ??? 1 y aq , n G 1, .  .
a ; q s a , . . . , a ; q s a ; q ??? a ; q , .  .  .  . .r 1 r 1 rn n n n
`
ny1w xa; q s a, q s 1 y aq ; .  . `
ns1
a; q w x w x= s a; q b; q .  b
w  .  .xA generalized multibasic hypergeometric series 7, Eqs. 3.9.1 and 3.9.2
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is defined as
a : c : ??? : c .  .  .r 1,r m ,r1 mmq1.f ; q , q , . . . , q ; zR S 1 mb : d : ??? : d .  .  .s 1, s m , s1 m
1qsyr` a ; q . n .r nn .n s z y1 q 2 .  5q , b ; q . .s nns0
s yrm j jc ; q . . nj ,r j nj n .= y1 q ,2 .  5j
js1 d ; q . /j , s jj n
n .  .where R s r q r q ??? qr , S s s q s q ??? qs , and s n n y 1 r2.1 m 1 m 2
For m, n, k positive integers, let
M s m q m q ??? qm 1 F i - k , .i i iq1 ky1
N s n q M q ??? qM ,ky1 1 ky1
N 2 s n2 q M 2 q ??? qM 2 ,ky1 1 ky1
g N , t s q2 ; q2 r q2 ; q2 , .  .  .2 M qty1 nqM qt1 1
M12h N , t s 2 N q 2nM y 3M y 7 .  .ky2 1 12
t
q 5t q 3 q 3M q 2n t . .  .12
Further, let
U a, b , c, a ; q2 . .m . 2 ky3ky 1
a2q2rbc ; q2 a2q2ra a ; q2 ??? a2q2ra a ; q2 .  .  .m m m1 2 2 ky5 2 ky4ky 1 ky2 1s 2 2 2 2 2 2 2 2 2 2a q rb , a q rc ; q a q ra , a q ra ; q ??? .  .M M1 2ky 1 ky2
a , a ; q2 ??? a , a ; q2 a ; q2 .  .  .M M M1 2 2 ky5 2 ky4 2 ky3ky 1 2 1= 2 2 2 2 2 2 2a q ra , a q ra , a q ra ; q . M2 ky5 2 ky4 2 ky3 1
yM yM yMky 1 2 1= a a ??? a a a .  .  .1 2 2 ky5 2 ky4 2 ky3
b , . . . , b ; q qmy1.n .1 2 m 1 1n < <V l, b ; q s , q - 1, . . nn 2 m 1 1
lq rb , . . . , lq rb ; q b ??? b .  .1 1 1 2 m 1 1 2 mn
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and
yn2c, a , . . . , a ; q ca . . . a . .1 2 ky3 1 2 ky3n2B c, a ; q s . . .n 2 ky3 2 2 2 2 2 2 2a q rc, a q ra , . . . , a q ra ; q .1 2 ky3 n
3
We shall first prove the following transformation formula connecting
two series, one of which is ``split-poised'':
n3 3 3 3 3 6 3` a rb , x rb ; q b q . n 33 3 3 3 3  /xq , a q rx ; q . nns0
2 3 3 3 3n 3 y3n 3 3aq, aq , aq , x , a q rb , q ; q ; q
3= f x6 5 3r2 3r2 3r2 2 3r2 2aq , y aq , a q , ya a , .  . 3b
3 3 3 3 3 3a b q , b q ; q
s  3 3 6 3a q , b q
n2 n 3 3 3 3 3 6 4` a 1 y aq x ; q a rb ; q ab q .  .  .  .n n 2 n
= . 2 . 33 3 3 3 3 3 3 3  /xq 1 y a a q rx ; q a b q ; q .  .  .  .n n 2 nns0
 .Proof. In the Bailey's transform 1 , we choose u , ¨ , d , and a asn n n n
by3 ; q3 a3rb3 ; q3 .  .n n nu s , ¨ s , d s z ,n n n3 3 3 3 3q ; q a q ; q .  .n n
a 1 y aq2 n x 3 ; q3 .  .  . nn n 3a s aqrx . .n 3 3 3 3q 1 y a a q rx ; q .  .  .n n
Then
`
g s d u ¨n nqt t 2 nqt
ts0
3 3 3 y3 3 6 n 3 3a rb ; q . b , a q rb ; q ; z2 n ns z f2 13 3 3 3 3q6 na q ; q a q .2 n
3 3 3 3 3 3 3 3 6 n 3a rb , zrb ; q b q , z ; q ; a q rbns z f 2 13 3 3a q , z zrb
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w  .xby Heine's transformation 7, Eq. 1.4.1 . Also, we have
n 2 t y3 3 3 3 3 3 3 ta 1 y aq b ; q a rb ; q x ; q aq .  .  .  .  .t nyt nqt t
b s n 33 3 3 3 3 3 3 3 3  /xq 1 y a q ; q a q ; q a q rx ; q .  .  .  .  .t nyt nqt tts0
y3 3 3 3 2 n’ ’b , a rb ; q . a, q a , yq a , x , v x , v x , aq rb ,ns f12 113 3 3 3 2 1yn’ ’q , a q ; q . a , y a , aqrx , aqv rx , aqvrx , bq ,n
3 4ab q
n 2 n yn 2 yn ynav q rb , av q rb , v q , v q , q ; q ; 3x
2 1yn 1yn 2 1qn 1qn 1qnbv q , bv q , av q , av q , aq
where v is a primitive cube root of unity .
a3rb3 , x 3rb3 ; q3 . ns 3 3 3 3 3 3nq , a q rx ; q x . n
2 3 3 3 3n 3 y3n 3 3aq, aq , aq , x , a q rb , q ; q ; q
= f6 5 3r2 3r2 3r2 2 3r2 2 3 3aq , y aq , a q , ya q , x rb .  .
w  .xby the transformation formula 14, Eq. 1.5 due to Verma and Jain. Thus,
 .on using Bailey's transform 1 , we have
3 3 3 3 3 n` a rb , x rb ; q z . n 33 3 3 3 3  /xq , a q rx ; q . nns0
2 3 3 3 3n 3 y3n 3 3aq, aq , aq , x , a q rb , q ; q ; q
= f6 5 3r2 3r2 3r2 2 3r2 2 3 3aq , y aq , a q , ya q , x rb .  .
2 n 3 3 n`3 3 3 3 a 1 y aq x ; q azq .  .  .a rb , zrb ; q n ns   33 3 3 33 3  /xq 1 y a a q rx ; q .  .a q , z  .n nns0
3 6 na q
3 3 3b q , z ; q ; 3= f . 3 .b2 1
3zrb
 .Now, the argument of the inner series on the right hand side of 3
depends on n, so it is summable only when z s 0 or z s b6q3. For z s 0,
 . w  .x 6 33 reduces to the q-binomial theorem 7, Eq. 1.3.2 . For z s b q , on
 .using the q-binomial theorem, we easily get the transformation 2 after
some simplification.
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4. PARTICULAR CASES
 .We shall now discuss a few interesting special cases of 2 .
 .  .i If we take x s 1 in 2 , we easily get a particular case of a
w  .xq-analogue of Gauss's theorem 7, Eq. 1.5.1 , while, for b s x, we obtain
the following summation formula for a ``split-poised'' series:
` 2 n 3 3 3 3 3a 1 y aq x ; q a rx ; q .  .  .  . nn n 2 n 3 4ax q . 3 3 3 3 3 3 3 3q 1 y a a q rx ; q a x q ; q .  .  .  .n n 2 nns0
3 3 6 3 3a q , x q ; q
s . 4 . 3 3 3 3 3a q x , x q
 .  .ii However, if we make b, x ª ` in 2 , we have the transformation
` 6 sq3 t 6 s2q6 stq3 t 2aq ; q a q . 3 s 3 3 3 3 3 3 3 4 6q ; q q ; q a q , a q ; q .  .  .s t ss,ts0
` 2 n1 a 1 y aq .  . nn 27 15r2.n yn r2s ya q . 5 .  .3 3 3 q 1 y aa q ; q  .  . . n` ns0
 .Taking a s 1 and a s q, respectively, in 5 and then using Jacobi's triple
w  .xproduct identity 7, Eq. 1.6.1 ,
` `
2n n n 2 ny1 2 ny1 2 ny1 z q s 1 y zq 1 y q rz 1 y q , 6 .  . .  .  . 
ns1nsy`
we get on simplification the identities
` 3 6 s2q6 stq3 t 2q ; q q . s 3 6 2 3 3 3q ; q yq ; q q ; q .  .  .s s ts,ts0
`1 y1ns 1 y q , n k 0, " 7 mod 15 , 7 .  .  .2v q , v q ; q . ns1`
U. B. SINGH50
and
` 2 3 6 s2q6 stq3 t 2q6 sq3 tq , q ; q q . s 6 7 6 3 3q , q ; q q ; q .  .s ts,ts0
`1 y1ns 1 y q , n k 0, " 1 mod 15 . 8 .  .  .2 2 2v q , v q ; q . ns1`
 .  .Identities 7 and 8 are believed to be new.
 .  .  .1r2iii Lastly, let b ª ` in 2 first, and then put x s y aq . We
obtain the transformation
` 9r2. sq3 t 9r2. s2q3 stq3 t 2aq ; q a q . 3 s 3 3 3 3 3 4 6 3 3r2 3r2.q3 s 3q ; q a q , a q ; q q , ya q ; q .  .  .s s ts,ts0
` 2 n1 a 1 y aq .  .n 2n 11n r2 6 n yn r2s y1 a q . 9 .  .3 3 3 q 1 y aa q ; q  .  . . n` ns0
 .  .If we take a s 1 and a s q in 9 , respectively, and then use the result 6 ,
we get the identities
` 2 6 9 s2q6 stq6 t 2q ; q q . syq ; q . ` 6 12 4 6 6 3q6 s 6q ; q yq ; q q , yq ; q .  .  .s s ts,ts0
`1 y1ns 1 y q , n k 0, " 11 mod 24 , .  .2 2 2 2v q , v q ; q . ns1`
10 .
and
` 2 3 9r2. s2q3 stq3 t 2q9 r2. sq3 tq , q ; q q . s 6 7 6 3 3q3 s 3q , q ; q q , yq ; q .  .s ts,ts0
`1 y1ns 1 y q , n k 0, " 1 mod 12 . 11 .  .  .2 2 2v q , v q ; q . ns1`
5
We shall now prove the following general bibasic transformation for-
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mula from which identities of the Rogers]Ramanujan type can be de-
duced:
THEOREM. Let m, k be positi¨ e integers, and r a real positi¨ e number,
then
M 21y1 U a, b , c, a ; q V l, b ; q .  .  . . .m . 2 ky3 M 2 m 1ky 1 1 2 2 2 2q ; q ??? q ; q .  .m mn ,m , . . . , m G0 1 ky11 ky1
1re2 , a2re2 ; q2 a2q2 nre2 , qy2 n ; q2 1 y lq2 M1 .  .  .M 1n 1
= 2 2 2 2 2 2y2 n 2 2q2 n 2q , a q ; q e q , a q ; q .  . Mn 1
a2 ; q2 lmqk r r .M1 qyM
2
1 q3 M1q2 Nky 1 .2 M1
= 2 k M y2M q? ? ?qM . y2 M q4 n.1 2 ky1 1a e
2 4 M 2 M 2 2 nq2 M 2 y2 nq2 M 1qM1 1 1 1 1’a q , a q , a q re , q :q l ,2 ky3 12.= f2 mq6 2 mq5 2 2q2 M 2 2y2 nq2 M 2 2q2 nq2 M M1 1 1 1’a q ra , e q , a q :q l ,2 ky3 1
1qM M M1 1 1’yq l , b q , . . . , b q1 1 1 2 m 1 2; q , q ;1M 1qM 1qM1 1 1’yq l , lq rb , . . . , lq rb1 1 1 1 2 m
mq k r r 4y2 M my1 21l q q e1
2 ka a b ??? b2 ky3 1 2 m
2 2 2 2 2 2 ` 2 2 2 n 2 2 2a e q , e q ; q a , b; q 1 y lq a re ; q .  .  . .1` n 2 ns 2 2 4 2 2 2 2 2 2 2 2 2 2a q , e q ; q q , a q rb; q a e q ; q .  .  .` n 2 nns0
nmqk r r 2q2 k 4l q e
2= B c, a ; q V l, b ; q . 12 .  .  . . .n 2 ky3 n 2 m 1 2 5a b
 .  .To prove 12 , let us take in 1 , u , ¨ , d , and a asn n n n
ey2 ; q2 a2re2 ; q2 .  .n n nu s , ¨ s , d s z ,n n n2 2 2 2 2q ; q a q ; q .  .n n
a2 , b; q2 B c, a ; q2 1 y lq2 n V l, b ; q .  . . .  .  .n 2 ky3 1 n 2 m 1n
a sn 2 2 2 2q , a q rb; q 1 y l . . n
nmqk r r 2 kl q
= ,2 5a b
w  .xand use the general bibasic transformation formula 9, Eq. 15 with r a
.positive real number obtained recently by me, in place of a transformation
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w  .x  .formula 14, Eq. 1.5 due to Verma and Jain. We get 12 after some
simplification.
Identities of the Rogers]Ramanujan Type
 . 2 2  .i Let us take l s a , q s q , r s 1 in 12 , then make1
b , . . . , b ª `,1 m
b , . . . , b ª 0,mq 1 2 m
and sum the resulting innermost series on the left by a well-known f6 5
w  .xsummation formula 7, Eq. 2.7.1 for the well-poised series. We have the
transformation
M 2 2 2 2 21y1 1re , a re ; q U a, b , c, a ; q .  . .  .m . 2 ky3n ky 1 2 2 2 2 2 2 2 2 2q ; q q ; q ??? q ; q a q ra ; q .  .  .  .m m 2 ky3nn ,m , . . . , m G0 n1 ky11 ky1
a2q2ra , a2q2 nre2 , qy2 n ; q2 . M2 ky3 1= 2 2y2 n 2 2y2 M 21e q , e q ra ; q .2 ky3 `
e2q2y2 nra ; q2 qyM 21 qM 1q2 Nky 1 .2 ky3 `
= y2 M q? ? ?qM . y2M q2 n.2 ky1 1a e
a2e2q2 ; q2 .`s 2 2 4 2 2a q , e q ; q .`
` 2 2 2 2 2 2a , b; q B c, a ; q a re ; q . .  . .n 2 ky3n 2 n
=  2 2 2 2 2 2 2 2q , a q rb; q a e q ; q .  .n 2 nns0
n2 4 n 4 2 ky2 2 k1 y a q e a q .
= . 13 .2  5b1 y a .
 .If we first make e ª 0 and then b, c, a ,???, a ª ` in 13 , we get1 2 ky3
M 2y2 n 2 2 N 2 N q2 nq1yM .M1 ky1 ky1 1 1q ; q y1 a q . . M1 2 2 2 2 2 2q ; q q ; q ??? q ; q .  .  .m mnn ,m , . . . , m G0 1 ky11 ky1
1 a2 ; q2 1 y a2q4 n .  . 2nn 2 kq2.n 2 kq3.n yns y1 a q . .2 2 2 2 2 2a q ; q q ; q 1 y a . .  .` nnG0
14 .
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 .  .Taking a s 1 and a s q in 14 and making use of identity 6 , we get the
following identities, respectively, which are believed to be new:
M 2y2 n 2 2 N q2 nq1yM .M1 ky2 1 1y1 q ; q q .  . M1yq ; q . ` 2 2 2 2 2 2q ; q q ; q ??? q ; q .  .  .m mnn ,m , . . . , m G0 1 ky21 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2k mod 4k q 2 , 15 .  . .
js1
M 2y2 n 2 2 N q2 nq1yM .M q2 N1 ky2 1 1 ky2y1 q ; q q .  . M1yq ; q . ` 2 2 2 2 2 2q ; q q ; q ??? q ; q .  .  .m mnn ,m , . . . , m G0 1 ky21 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2 mod 4k q 2 . 16 .  . .
js1
 .Let us now take b s yaq in 13 and then make e ª 0, c, a , . . . , a1 2 ky3
ª `. We get the transformation
M 2y2 n 2 2 N 2 N q2 Nq1yM .M1 ky1 ky1 1 1y1 q ; q a q .  . M1 2 2 2 2 2 2 2q ; q q ; q ??? q ; q yaq ; q .  .  .  .m m Mnn ,m , . . . , m G0 1 ky1 ky11 ky1
1 a2 ; q2 1 y a2q4 n .  . 2nn 2 kq1.n 2 kq2.n yns y1 a q . .2 2 2 2 2 2a q ; q q ; q 1 y a . .  .` nnG0
17 .
 .  .Again, if we take a s 1 and a s q in 17 and use the identity 6 , we
easily get, respectively, the two identities
M 2y2 n 2 2 N q2 Nq1yM .M1 ky2 1 1y1 q ; q q .  . M1yq ; q . ` 2 2 2 2 2 2 2q ; q q ; q ??? q ; q yq ; q .  .  .  .m m Mnn ,m , . . . , m G0 1 ky2 ky21 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2k q 1 mod 4k , 18 .  .  . .
js1
 w  .x w  .x.cf. Bressoud 5, Eq. 3.6 , Paule 8, Eq. 54
M 2y2 n 2 2 N q2 nq1yM .M q2 N1 ky2 1 1 ky2y1 q ; q q .  . M1yq ; q . ` 2 2 2 2 2 2 2 2q ; q q ; q ??? q ; q yq ; q .  .  .  .m m Mnn ,m , . . . , m G0 1 ky2 ky21 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2 mod 4k . 19 .  . .
js1
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 . 2ii Let us now take l s a, q s q, r s 1r2, b s q , m s 1, b s a1 1
 .in 12 and the make
e ª 0, c, a , . . . , a , b ª `.1 2 ky3 2
We get
t 2y2 n 2 2 tq2 N hN ,t .q2 Mky 1 ky1q ; q y1 a q . . M qt1 2 2 2 2 2 2 2 2 2 2q ; q q ; q q ; q ??? q ; q a ; q .  .  .  .  .m m Mt nt ,n ,m , . . . , m G0 1 ky1 ky11 ky1
a2 ; q2 a; q 1 y aq2 M1q2 t . .  .M qt2 M qt 11
= 2 2 2a q ; q q ; q . . M qtnqM qt 11
` 2 n1 a; q 1 y aq .  .n ns y1 .2 2 2 q ; qa q ; q  . . n` ns0
= a2 kq2.nq4 kq5.n
2 r2.yn r2 . 20 .
 .Further, if we take a s 1 and a s q in 20 and then make use of identity
 .6 , we get the following identities, respectively, which are believed to be
new:
qy2 n ; q2 g N , t . . M qt1yq ; q . ` 2 2 2 2 2 2q ; q q ; q q ; q ??? .  .  .mt nt ,n ,m , . . . , m G0 11 ky2
t M qt hN , t .1y1 1 q q q .  .
= 2 2 2 2q ; q q ; q .  .m M y1ky 2 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2k mod 4k q 1 , 21 .  . .
js1
t y2 n 2y1 q ; q g N , t q 1 .  . . M qt1yq ; q . ` 2 2 2 2 2 2q ; q q ; q q ; q ??? .  .  .mt nt ,n ,m , . . . , m G0 11 ky2
1 y q2 M1q2 tq1 q hN ,t .q2Nky 2qt . .
= 2 2 2 2q ; q q ; q .  .m Mky 2 ky2
`
y1js 1 y q , k ) 2, j k 0, " 1 mod 4k q 1 , 22 .  . .
js1
 w  .  .x.cf. Paule 8, Eqs. 57 and 58 .
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 . 2iii Lastly, if we take l s a, q s q, r s 1r2, b s q , m s 2, b s a1 1
 .in 12 and then make
e ª 0, c, a , . . . , a , b , b , b ª `,1 2 ky3 2 3 4
we thus obtain the result
t 2 2y2 n 2 2 N qM q3 t hN ,t .qM qt . q2 Mky 1 1 1 ky1y1 q ; q a q .  . M qt1 2 2 2 2 2 2 2 2 2 2q ; q q ; q q ; q ??? q ; q a ; q .  .  .  .  .m m Mt nt ,n ,m , . . . , m G0 1 ky1 ky11 ky1
a2 ; q2 a; q 1 y aq2 M1q2 t . .  .M qt2 M qt 11
= 2 2 2a q ; q q ; q . . M qtnqM qt 11
` 2 n1 a; q 1yaq .  .n 2n 2 kq3.n 4 kq7.n r2.yn r2s y1 a q . .2 2 2 q ; qa q ; q  . . n` ns0
23 .
 .Let us now take a s 1 and a s q, respectively, in 23 and then use the
 .identity 6 . We thus obtain the following two identities, which are believed
to be new:
t y2 n 2y1 q ; q g N , t .  . . M qt1yq ; q . ` 2 2 2 2 2 2q ; q q ; q q ; q ??? .  .  .mt nt ,n ,m , . . . , m G0 11 ky2
1 q q M1qt q hN , t .qM1qt .2 .
= 2 2 2 2q ; q q ; q .  .m M y1ky 2 ky2
`
y1js 1 y q , k ) 2, j k 0, " 2k q 2 mod 4k q 3 , .  . .
js1
24 .
t y2 n 2y1 q ; q g N , t q 1 .  . . M qt1yq ; q . ` 2 2 2 2 2 2q ; q q ; q q ; q ??? .  .  .mt nt ,n ,m , . . . , m G0 11 ky2
1 y q2 M1q2 tq1 q hN , t .qM1qt .2q2 Nky 2qM 1q3 t .
= 2 2 2 2q ; q q ; q .  .m Mky 2 ky2
`
y1js 1 y q , k ) 2, j k 0, " 1 mod 4k q 3 . 25 .  . .
js1
 w  .  .x.cf. Paule 8, Eqs. 45 and 46 .
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